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The doubling of massless Dirac fermions on two-dimensional lattices is theoretically studied. It has
been shown that the doubling of massless Dirac fermions on a lattice with broken chiral symmetry
is topologically protected even when the Dirac cone is tilted. This is due to the generalized chiral
symmetry defined for lattice systems, where such models can be generated by a deformation of the
chiral-symmetric lattice models. The present paper shows for two-band lattice models that this
is a general way to produce systems with the generalized chiral symmetry in that such systems
can always be transformed back to a lattice model with the conventional chiral symmetry. We
specifically show that the number of zero modes is an invariant of the transformation, leading to the
topological protection a` la Nielsen-Ninomiya of the doubling of tilted and massless Dirac fermions
in two dimensions.
I. INTRODUCTION
Since the discovery of graphene[1, 2], Dirac electrons in
two dimensions have attracted much attention in the last
decade [3–5], which is now extended to Weyl and Dirac
semimetals in three dimensions [6–14]. In such extensive
studies of Dirac fermions, massless Dirac fermions have
been realized in a wide variety of two-dimensional sys-
tems such as an organic compound [15–17], cold atoms
on optical lattices[18], and photonic crystals [19]. There,
we can note that massless Dirac cones can in general
be tilted as in the organic metal α- (BEDT-TTF) 2I3,
where the conventional chiral symmetry is broken. The
Dirac cones usually arise in pairs, which is dubbed dou-
bled Dirac fermions. The doubling is usually recognized
as a topological consequence of the chiral symmetry [20–
23], so that one might think that the phenomenon would
be degraded for tilted Dirac cones. However, the tilted
Dirac fermions do seem to always appear in pairs in such
materials [16, 17], which raises an interesting question of
whether the doubling remains robust in systems without
the conventional chiral symmetry.
To understand the topological stability of the tilted
Dirac fermions, we examine the role of a generalized chi-
ral symmetry introduced in Refs.[24, 25] for the doubling
of Dirac fermions. The generalized chiral symmetry is an
extension of the chiral symmetry, which has been pro-
posed to characterize the tilted Dirac fermions. The ex-
tended symmetry can be defined for lattice models as
well as in continuum models [26]. While the previous
study [26] is rather restricted to the deformation of lat-
tice models that retains the extended symmetry, here we
examine, from a more general point of view, what can be
deduced when we require lattice models to preserve the
extended symmetry. We shall find for two-band mod-
els that, if a lattice model respects the generalized chi-
ral symmetry globally, the doubling of the tilted Dirac
fermions is topologically protected. A key observation is
that the system in such a case can be transformed from
a lattice model having the conventional chiral symmetry
without changing the number of fermion species. The
present result shows that, even when the conventional
chiral symmetry is broken, the generalized chiral sym-
metry protects the topological stability of the doubling
of tilted Dirac fermions, which would be regarded as a
natural extension of the Nielsen-Ninomiya’s theorem [20]
to tilted Dirac fermions in two dimensions.
II. GENERALIZED CHIRAL SYMMETRY
Let us first introduce an extension of the conventional
chiral symmetry, which we call the generalized chiral sym-
metry. In general, a system is called chiral symmetric if
the Hamiltonian H anti-commutes with a chiral operator
Γ as {H,Γ} = HΓ + ΓH = 0, where the chiral operator
Γ is a hermitian operator with Γ2 = 1. We have thus
ΓHΓ = −H.
When the conventional chiral symmetry is respected, the
energy eigenstate ψE with the eigenenergy E (HψE =
EψE) can be related to the eigenstate ψ−E having an
eigenenergy−E by ψ−E = ΓψE , sinceHψ−E = HΓψE =
−EΓψE = −Eψ−E . The conventional chiral symmetry
therefore guarantees the particle-hole symmetry irrespec-
tive of the details of the Hamiltonian. The conventional
chiral symmetry holds for vertical Dirac fermions, typi-
cally in graphene. The effective Dirac field Hamiltonian
for a vertical Dirac fermion is generally given by
H = vF [(X · σ)pix + (Y · σ)piy ] ,
where pi = p + eA with A being the vector potential
is the dynamical momentum, σ = (σx, σy, σz) are Pauli
matrices, vF the Fermi velocity, and X and Y are three-
dimensional real vectors. It is then easy to verify that
ΓHΓ = −H is satisfied with Γ = (X × Y ) · σ/|X × Y |.
The conventional chiral symmetry can also be defined
for lattice models with a bipartite structure, such as the
2honeycomb lattice in two dimensions. For a bipartite
lattice having transfer integrals tab only between A and
B sub-lattices, the Hamiltonian can be expressed as
H =
∑
a∈A,b∈B
tabc
†
acb + h.c.,
where ca(cb) denotes an annihilation operator of an elec-
tron on an A(B) sub-lattice site. We can then de-
fine a chiral operator as Γ = exp(ipi
∑
b∈B c
†
bcb) which
anti-commutes with the Hamiltonian. If we express the
Hamiltonian and the chiral operator in a matrix form us-
ing a basis (a1, . . . , b1, . . .) with {ai}({bi}) the basis on
the A(B) sub-lattice in the i-th unit cell, we have
H =
(
O T
T † O
)
, Γ =
(
I O
O −I
)
.
Here T stands for the hopping matrix with tab between
A and B sub-lattices as its elements, and I is the iden-
tity matrix. It is then straightforward to see that the
equation HΓ + ΓH = 0 holds, which implies the Hamil-
tonian H is chiral-symmetric irrespective of the details of
the matrix elements tab. The chiral symmetry for lattice
models has been essential to the topological protection of
the doubling of fermions in two and also in four dimen-
sions [20, 22].
For a tilted Dirac fermion, the effective Hamiltonian
has additional terms −vF (X0pix + Y0piy) as
H = vF [(−X0 +X · σ)pix + (−Y0 + Y · σ)piy ] .
We have shown that this Hamiltonian satisfies a relation,
γ†Hγ = −H
with γ = TΓT−1 and T = exp(qτ · σ/2) as long as
|X×Y |2−|η|2 > 0 with η ≡ Y0X−X0Y [25]. Here τ is a
unit vector parallel to (X×Y )×η, and a real parameter
q is determined by tanh q = |η|/|X ×Y |. This extended
symmetry, which we call the generalized chiral symmetry,
has been shown to protect the zero-mode Landau levels
of tilted Dirac fermions in two dimensions [24]. Note that
the operator γ, which we call the generalized chiral op-
erator, is not hermitian, although we still have γ2 = 1.
The requirement, |X×Y |2−|η|2 > 0, for the generalized
chiral symmetry is nothing but the geometrical condition
that the cross section of the tilted dispersion with a con-
stant energy plane is an ellipse (Fig. 1(a)). When the
dispersion is so much tilted that the cross section be-
comes an open hyperbola (Fig. 1(b)), as in the case of
the type-II Dirac and Weyl fermions [10, 11], the require-
ment is no longer satisfied, and the present generalized
chiral symmetry does not apply.
The generalized chiral symmetry can be defined for
lattice models as well. We have shown that a series of
lattice models respecting the generalized chiral symme-
try can be systematically generated by a simple algebraic
deformation of a conventionally chiral-symmetric model
FIG. 1. Schematic figures for the energy dispersions for mass-
less and tilted fermions in the two-dimensional momentum
space. (a) A tilted Dirac dispersion respecting the general-
ized chiral symmetry where its cross section with a constant-
energy plane is an ellipse. Such a plane at the Dirac point
is represented in blue. (b) Energy dispersion for the type-II
Dirac fermions for which the cross section is given by a hyper-
bola. The present generalized chiral symmetry is applicable
only to the elliptic case.
such as the honeycomb lattice model or the pi-flux model
on the square lattice [26]. Namely, if we have a chiral
symmetric lattice model with the bipartite structure and
denote the Hamiltonian in the momentum space as Hc,
the algebraic deformation,
Hn(q) = T
−1HcT
−1
with
T = exp(qn · σ/2)
creates a series of deformed Hamiltonian Hn(q). Here n
is an arbitrary three dimensional real vector with n2 = 1
and q a real number. Since the Hamiltonian Hc is chiral
symmetric by definition, there exists an operator Γc sat-
isfying ΓcHcΓc = −Hc with Γ
2
c = 1. It is then straight-
forward to see that we can define a lattice version of the
generalized chiral operator γ as γ = TΓcT
−1 so that
γ†Hn(q)γ = −H is satisfied. Hence this provides a sys-
tematic way for generating lattice models with general-
ized chiral symmetry from those with conventional chi-
ral symmetry [26]. We can note that, when the original
chiral-symmetric model has massless Dirac fermions, the
deformed lattice models respecting the generalized chiral
symmetry have still massless but tilted Dirac fermions
(Figure 2). We can note that the type-II Dirac fermions
do not appear in the present deformation as long as the
parameter q is real.
However, there remains an important question: Are
the generalized chiral-symmetric systems generated by
the above deformation exhaust the possible cases that
respect the generalized chiral symmetry? In other words,
it is not obvious that the generalized chiral symmetric
lattice model can alway be transformed back to a lattice
model with the conventional chiral symmetry. In the
present paper, we precisely consider this question, and we
shall show for two-band lattice models that a model with
the generalized chiral symmetry can indeed be always
transformed back to a lattice model with the conventional
3FIG. 2. Energy dispersions are shown for an example series of
the lattice models H = T−1HcT
−1 transformed from the hon-
eycomb lattice Hc in two dimensions with T = exp(qσx/2).
The deformation parameter is q = 0.0 (a), 0.4 (b), 0.8 (c),
and 1.2 (d), where the Dirac cone is tilted for q 6= 0. Here the
wave vector k1(k2) denotes the projection of the wave vector
onto the primitive vector e1(e2) of the honeycomb lattice [26],
and the energy in units of the transfer integral between the
nearest-neighbor sites of the original Hc. The cross section
with a constant-energy plane in the vicinity of the contact
points remains elliptic as long as q is real.
chiral symmetry. We also show that the number of zero
modes is an invariant of the transformation, leading to
the topological protection of the doubling of tilted and
massless Dirac fermions in two dimensions.
III. GENERALIZED CHIRAL OPERATOR
For discussing consequences of the generalized chiral
symmetry, a general form of the generalized chiral oper-
ator γ is crucial. If the system described by the Hamil-
tonian H is generalized chiral symmetric, there exists an
operator γ, not necessarily hermitian, that satisfies
γ†Hγ = −H
with γ2 = 1. Here let us confine ourselves to two-band
models where the above equation is described by 2 by 2
matrices in the momentum space. The general complex
2 by 2 matrix γ can be expressed as
γ =
(
a11 a12
a21 a22
)
= w0I2 + wxσx + wyσy + wzσz ,
where {aij} (i, j = 1, 2) are complex numbers, w0 =
(a11 + a22)/2, w1 = (a12 + a21)/2, w2 = i(a12 − a21)/2,
w3 = (a11 − a22)/2, and I2 stands for the 2 by 2 identity
matrix. Here we assume that the elements {aij} for the
generalized chiral operator γ are (complex) constants in-
dependent of the momentum. Since the matrix γ must
satisfy γ2 = 1, we have
γ2 = (w20 + w
2
x + w
2
y + w
2
z)I2
+2w0(wxσx + wyσy + wzσz)
= I2,
where we have used a relation σiσj = −σiσj for i 6= j. If
w0 6= 0, then the only solution is trivial γ = ±I2, so that
we can set w0 = 0 without loss of generality. The above
condition is then reduced to
w2x + w
2
y + w
2
z = 1.
If we decompose the complex coefficients wi(i = x, y, z)
into real and imaginary parts as
wi = w
i
R + iw
i
I ,
we end up with two equations,
w2R −w
2
I = 1
and
wR ·wI = 0,
where wR = (w
x
R, w
y
R, w
z
R) and wI = (w
x
I , w
y
I , w
z
I ) are
three dimensional real vectors. Introducing a real pa-
rameter q as
wR = (cosh q)nR, wI = (sinh q)nI ,
we arrive at
nR · nI = 0
with n2R = n
2
I = 1. With these parameters, the general-
ized chiral operator γ can be expressed as
γ = [(cosh q)nR + i(sinh q)nI ] · σ.
This can be rewritten as
γ = (nR · σ) exp(−q(τ · σ))
= exp(q(τ · σ)/2)(nR · σ) exp(−q(τ · σ)/2)
with
τ = nR × nI
because
(nR · σ) exp(−q(τ · σ))
= (nR · σ) [cosh q − sinh q(τ · σ)]
= cosh q(nR · σ)− i sinh q((nR × τ ) · σ)
= [(cosh q)nR + i(sinh q)nI ] · σ,
where we have used the relations nR × τ = −nI and
(nR · σ)(τ · σ) = i(nR × τ ) · σ. Thus the generalized
chiral operator can be written, without loss of generality,
as
γ = Tτ (q)(nR · σ)Tτ (q)
−1
with
Tτ (q) = exp(q(τ · σ)/2).
4IV. TRANSFORMATION TO CHIRAL
SYMMETRIC LATTICE
With this representation of the generalized chiral op-
erator γ, we can define a deformation from H back to a
conventionally chiral-symmetric H0. Indeed, if we define
H0 as
H0 = Tτ (q)HTτ (q),
it is readily verified that
(nR · σ)H0(nR · σ) = −H0,
which means that the Hamiltonian H0 respects the con-
ventional chiral symmetry with the chiral operator given
by Γ = (nR · σ). For two-band models, the general-
ized chiral symmetric lattice models can thus always be
transformed back to the chiral symmetric models by an
algebraic transformation. It is to be noted that the op-
erator Tτ (q) satisfies det Tτ (q) = 1 and the transforma-
tion back to the conventional chiral symmetry preserves
the zero-modes of the original Hamiltonian H . For in-
stance, if we have an eigenstate ψ with Hψ = 0, then
ψ′ = Tτ (q)
−1ψ is another zero-eigenstate of H0 with
H0ψ
′ = 0. The number of zero modes is therefore an
invariant of the transformation. Since the number of
zero modes is equivalent to the number of massless Dirac
fermions in the present case, this means that the number
of massless Dirac fermions in H has to be the same as
that of H0.
V. FERMION DOUBLING
Following the argument in Ref. [22], we can move on
to the fermion doubling for the chiral symmetric Hamil-
tonian H0. When the Hamiltonian H0 is expressed as
H0(k) = R(k) · σ
with k = (kx, ky) being the two-dimensional wave vec-
tor, the real three-dimensional coefficient R(k) forms in
general a three-dimensional surface (closed surface, since
the two-dimensional Brillouin zone is a closed (torus)
space) in the space of (Rx(k), Ry(k), Rz(k)). If H0 anti-
commutes with a chiral operator (nR ·σ), this condition
reads
R(k) · nR = 0,
which implies that R(k) is “flattened” onto a plane nor-
mal to nR under this condition (see Fig.2). The energy
dispersion is given by
E(k) = ±
√
Rx(k)2 +Ry(k)2 +Rz(k)2,
so that the contact points E(k0) = 0 of the massless
Dirac fermions is determined by
R(k0) = 0,
namely, the origin of the R space. Now, for the flat-
tened R in the presence of the chiral symmetry, for each
point R0 on the flattened object we have always an even
number of wave vectors satisfying R(k) = R0. In partic-
ular, if the origin is contained in the object, we have
an even number of wave vectors satisfying R(k) = 0
(Fig.3), which is nothing but the doubling of massless
Dirac fermions. These doubled Dirac fermions are topo-
logically protected, since massless Dirac fermions cannot
be annihilated as long as the origin is included in the
area, while we have no massless Dirac fermions if the
origin is outside the area.
Now we discuss the fermion doubling for the Hamil-
tonian that respects the generalized chiral symmetry.
As shown in the previous section, a generalized chiral-
symmetric Hamiltonian H can always be transformed al-
gebraically back to the Hamiltonian H0 having the con-
ventional chiral symmetry. Since the number of zero
modes is invariant of the transformation between H
and H0 = Tτ (q)HTτ (q), the number of massless Dirac
fermions in H has to be the same as that in H0, which
is guaranteed to be an even number due to the conven-
tional chiral symmetry. Hence we can conclude that any
two-band lattice model that respects the generalized chi-
ral symmetry always has doubled tilted Dirac fermions.
FIG. 3. Projection of a closed two-dimensional surface R(k)
with k in the two-dimensional Brillouin zone onto the plane
normal to nR in the three-dimensional space of R is schemat-
ically shown. The vector nR is determined by the generalized
chiral operator γ satisfying γ†Hγ = −H . If the projected
area (red) includes the origin R = 0, we have even numbers
of massless Dirac fermions.
5VI. SUMMARY
To understand the stability of the doubled and tilted
Dirac fermions as in organic compounds, we have inves-
tigated the role of the generalized chiral symmetry on
the fermion doubling in two dimensions, in particular,
for the case where the conventional chiral symmetry is
broken. We have shown for two-band lattice models that
the generalized chiral symmetry, defined by the existence
of a constant 2 by 2 matrix γ satisfying γ†Hγ = −H
with the Hamiltonian H in the momentun space, pro-
tects the topological stability of the doubling of the tilted
and massless Dirac fermions in two dimensions. We have
therefore relaxed the condition for the topological protec-
tion of the fermion doubling from the conventional chi-
ral symmetry to the generalized chiral symmetry, which
may be thought of an extension of Nielsen-Ninomiya’s
theorem to a certain type of tilted Dirac fermions in
two dimensions. The present approach to the doubling
of Dirac fermions is not applicable to the type-II Dirac
fermions because the generalized chiral symmetry is no
longer available there.
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